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ABSTRACT: The universal diagram of states of hydrophobically modified polyelectrolytes in dilute salt-
free solutions is calculated in the framework of the scaling approach. The equilibrium conformations of
these polymers were classified using two parameterssgeometric and energetic ratios of hydrophobic and
polyelectrolyte blocks in unassociated states (the ratio of block sizes and the ratio of block energies). The
hydrophobically modified polyelectrolytes self-organize either into necklaces of hairy, crew-cut, or braided
micelles or into wormlike cylindrical micelles depending on the values of these two parameters. The
universal diagram of states is modified by the counterion condensation.

Introduction

Hydrophobically modified polyelectrolytes are water-
soluble polymers that contain small amount of hydro-
phobic groups.1,2 These polymers associate in aqueous
solutions forming compact conformations similar to
those of surfactant or soap micelles and are therefore
called “polysoaps”. Research during the past four de-
cades (see refs 1 and 2 for review) revealed some general
relationships between the molecular architecture and
the key properties of polysoaps in aqueous solutions.
Polysoaps self-organize into intramolecular micelles in
dilute solutions above a certain critical content of
hydrophobes. The shapes of these micelles and their
numbers per chain are determined by a fine interplay
between electrostatic and hydrophobic interactions. In
semidilute or concentrated solutions, polysoaps can form
intermolecular aggregates. At higher polymer and salt
concentrations, the intermolecular associations may be
accompanied by a phase separation.

Despite the extensive experimental studies of these
polymers, the theoretical understanding of their proper-
ties is still incomplete. Theoretical studies of polysoaps
are limited to the case of solutions of higher ionic
strengths with screened electrostatic interactions. The
behavior of polysoap solutions in this regime is similar
to the one of neutral amphiphilic macromolecules.3,4

However, the latest progress in the theory of polyelec-
trolyte solutions5-8 provides an opportunity to apply
these results to the solutions of polysoaps at various salt
and polymer concentrations. In the present paper, we
develop a unified scaling theory of thermodynamic
properties of charged polysoaps in dilute salt-free solu-
tions.

2. Necklace Structure of Hydrophobically
Modified Polyelectrolytes

Consider a hydrophobically modified polyelectrolyte
chain consisting of a polyelectrolyte backbone and Nbl
hydrophobic side blocks with nA main chain monomers
separating neighboring junction points (see Figure 1).
The polyelectrolyte backbone therefore contains NblnA
monomers and each hydrophobic side chain consists of
nB monomers.

The polyelectrolyte backbone contains a fraction 1/A
of charged monomers (nA/A . 1) and a fraction (A -
1)/A of uncharged monomers. For simplicity, we assume
that all monomers have the same size b and the solvent
is Θ-like for the monomers of the backbone and is poor
for the side chains.

2.1. Polyelectrolyte-Hydrophobic Multiblock.
The self-association of a part of a polyelectrolyte-
hydrophobic multiblock copolymer into a spherical mi-
celle is controlled by four parameterssthe electrostatic
energy εA and the length LA of a free polyelectrolyte
block and the surface energy εB and the size RB of an
isolated hydrophobic block (globule) (see Figure 2). The
equilibrium size of a free polyelectrolyte block is deter-
mined by the balance of the two terms of the free energy.
The first term is due to the electrostatic repulsion
between charged monomers and the second one is the
elastic energy of a stand with nA monomers.

(Here and below we ignore all numerical prefactors of
order unity.) The length of a free polyelectrolyte block
is determined by the minimization of the free energy in
eq 2.1

Figure 1. Part of a hydrophobically modified polyelectrolyte
(charged polysoap) with the number of polyelectrolyte and
hydrophobic blocks Nbl, degree of polymerization of polyelec-
trolyte block nA, and hydrophobic block nB.

Figure 2. Polyelectrolyte-hydrophobic diblock.

FA ≈ (enA/A)2

εLA
+ kT

LA
2

nAb2
(2.1)

LA ≈ bnAuA
1/3 (2.2)
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where we have defined a dimensionless interaction
parameter

The electrostatic energy of this free polyelectrolyte block
at its equilibrium length LA is obtained by substituting
eq 2.2 for LA back into eq 2.1

The hydrophobic block could either be a -(CH2)nB-1-
CH3 hydrocarbon tail9 or a flexible chain of nB mono-
mers in a poor solvent. In a poor solvent at temperature
T below the Θ temperature, the long flexible hydropho-
bic block forms a globule. The density F ≈ b-3τ inside
the globule is determined by the balance between the
two-body attractive interaction -kTb3τF2 (where τ ) (Θ
- T)/Θ is the reduced temperature) and the three-body
repulsive interaction kTb6F3. The size RB of the globule
is

The surface energy of an isolated flexible hydrophobic
block in an aqueous solution is

where we have defined the surface tension γ of the
globule-solvent interface

It is useful to define the ratio of the sizes of the two
isolated blocks, called the geometric ratio

and the ratio of their energies

called the energetic ratio. Let us consider a micelle
formed by aggregation of f polyelectrolyte and f hydro-
phobic blocks.10,11 The optimal size of such a micelle is
determined by the interplay between the surface energy
of the core of the micelle composed of hydrophobic blocks
and electrostatic repulsion of polyelectrolyte blocks in
the corona. Association of f hydrophobic blocks into one
large globule of size

(the core of the micelle) leads to the surface energy of
the core

This surface energy is lower than that of f individual
blocks εBf. However, this association brings polyelec-
trolyte blocks together increasing electrostatic energy.
The optimal size of the polyelectrolyte corona dc can be

estimated by minimizing the free energy of the corona

The first term is the electrostatic repulsion energy, and
the second term is the entropic cost due to stretching
of polyelectrolyte blocks. There are three different
regimes, as follows.

(i) Hairy micelles (Figure 3a)sthe size dc of the corona
is larger than the size Rcore of the core. In this case the
size of the micelle dm is on the order of the size of the
corona dc.

(ii) Crew-cut micelles (Figure 3b)sthe size of the
corona dc is smaller than the size of the core Rcore or dm
≈ Rcore.

(iii) Braided micelles (Figure 3c)sthe electrostatic
blocks in the coronas of the crew-cut micelles are self-
organized into the spiral braids on the core surface.

The minimization of the free energy (eq 2.12) leads
to the optimal size of the corona

The crossover from the hairy micelle to the crew-cut
micelle occurs at R ≈ 1 or when length of the polyelec-
trolyte block LA becomes on the order of the hydrophobic
block size RB. Note that the corona size increases as one-
third power of the aggregation number f as if one has a
dense packing of polyelectrolyte blocks.12 The free
energy of the corona at equilibrium with a fixed number
of blocks per micelle is

The optimal aggregation number is obtained by
minimizing the chemical potential of the micelle µ )
∂(Fcorona + Fcore)/∂f that results in the following expres-
sions

The condition f > 1 defines a region in the parametric
space where charged polysoaps form micelles. Substi-
tuting the equilibrium aggregation number f (eq 2.15)
into the expression for the corona size, eq 2.13, one
obtains the dependence of the corona size on the
parameters of the system

Figure 3. (a) Hairy micelle. (b) Crew-cut micelle. (c) Braided
micelle with polyelectrolyte blocks winding around a hydro-
phobic core.

Fcorona ≈ kT f 2nA
2uA

b
dc + Rcore

+ kT f
dc

2

b2nA

(2.12)

dc ≈ {LAf 1/3, for R < 1 (hairy micelle)
LAf 1/3R-2, for R > 1, dc > LA(crew-cut micelle)

(2.13)

Fcorona ≈ {εAf 5/3, for R < 1
εAf 5/3R-1, for R > 1

(2.14)

f ≈ {â, for R < 1
Râ, for R > 1 (2.15)

dc ≈ {LAâ1/3, for R < 1
LAâ1/3R-5/3, for 1 < R5 < â

(2.16)

uA ) e2

εkTbA2
(2.3)

εA ≈ kTnAuA
2/3 (2.4)

RB ≈ (nB/F)1/3 ≈ bτ-1/3nB
1/3 (2.5)

εB ≈ γRB
2 ≈ kTnB

2/3τ4/3 (2.6)

γ ≈ kTτ2/b2 (2.7)

R ≈ RB

LA
≈ nB

1/3

τ1/3uA
1/3nA

(2.8)

â ≈ εB

εA
≈ nB

2/3τ4/3

nAuA
2/3

(2.9)

Rcore ≈ f 1/3RB (2.10)

Fcore ≈ γRcore
2 × εBf 2/3 (2.11)
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Braided Micelles. At â ≈ R5 the size of the corona
of the crew-cut micelle becomes on the order of the size
of the free polyelectrolyte block LA. For smaller values
of the energetic ratio â < R5, the electrostatic interac-
tions in the corona of the micelle are dominated by the
repulsion between charged monomers on the same
polyelectrolyte block, and the size of the polyelectrolyte
block saturates at LA. The polyelectrolyte blocks in the
corona of the micelle form a spiral braid13 winding
around the hydrophobic core (see Figure 3c). The
winding number nspiral of this spiral braid can be
estimated as the ratio of the total length of the poly-
electrolyte backbone fLA ≈ RâLA to the core size f 1/3RB

This regime continues while nspiral > 1 or for the
energetic ratio â > xR.

Thus, the equilibrium properties of the polyelectro-
lyte-hydrophobic block copolymer micelles can be char-
acterized by two parameters the geometric ratio R and
the energetic ratio â.

2.2. Necklace of Micelles. If hydrophobically modi-
fied polyelectrolyte contains a large number Nbl . f of
hydrophobic blocks, it can self-associate into a necklace
containing several intramolecular spherical micelles (see
Figure 4).

Spacers with Pendant Spherical Globules. The
conformation of strings of blocks (spacers) connecting
intrachain micelles is determined by the interplay
between surface energy of hydrophobic blocks and
electrostatic interactions and elastic energy of polyelec-
trolyte blocks. The spacers separate intrachain micelles
reducing the electrostatic repulsion between them.
However, they do it at the expense of the hydrophobic
energy of nonassociated hydrophobic blocks. These
hydrophobic blocks in connecting strings are nonasso-
ciated with the surface energy εB per block. To reduce
the number of hydrophobic blocks per spacer the poly-
electrolyte blocks stretch until their elastic energy is
also on the order of εB. The length of the spacer block
RA is determined by

The elastic energy of a polyelectrolyte block in the
spacer is εB/εA times larger than that of a free polyelec-
trolyte block (eq 2.4). Since a polyelectrolyte block
deforms such as a Hookian spring, its size is xεB/εA )
xâ times larger than the size LA of a free polyelectro-
lyte block

The size RA of a spacer polyelectrolyte block is larger
than the size RB of a free hydrophobic block when â >
R2. If the length of the spacer polyelectrolyte block RA
is longer than the free hydrophobic block RB, isolated

globules along the spacer are far from each other and
do not coalesce. The number s of spacer blocks between
two neighboring intrachain micelles is determined by
the balance of the electrostatic repulsion between mi-
celles and the hydrophobic energy of the spacer blocks

This minimization condition leads to the number of
blocks per spacer strand

The mass of a micelle f(nA + nB) is much larger than
the mass of a spacer s(nA + nB) as long as the surface
energy εB of a free hydrophobic block is larger than the
electrostatic energy εA of a free polyelectrolyte block (â
> 1). The length of a string lstr ≈ sRA is much longer
than the size of a micelle dm as long as â > R4/5. Thus,
most of the mass of the chain is in micelles, but most of
the length is in strings. The total length of the chain in
this regime can be estimated as

It is shorter than the length of a free polyelectrolyte
backbone by the factor â-1/4.

Spacers with Cylindrical Globules. If the length
of the spacer polyelectrolyte block RA becomes shorter
than the size of the hydrophobic block RB the hydro-
phobic blocks in the strings connecting intrachain
micelles aggregate forming a cylinder with the density
F ≈ τb-3, the length lstr ≈ sRA and the width dstr ≈ b(nBb/
τRA)1/2. At equilibrium the surface energy of such
hydrophobic cylinder per hydrophobic block is on the
order of the elastic energy of the polyelectrolyte block
or

The equilibrium length of the spacer block is

The number s of the blocks in a string connecting
intrachain micelles can be found by balancing the
electrostatic repulsion between intrachain micelles and
elastic energy of the polyelectrolyte blocks

The number of the blocks in the string is

The lower boundary for this regime â ≈ xR is the
condition at which (i) the number s of blocks in the
string (eq 2.26) becomes on the order of the number of
blocks f (eq 2.15) in the intrachain micelle, (ii) the width
of the string dstr ≈ LAR5/3â-1/3 becomes on the order of
the micelle size dm ≈ LAR4/3â1/3, and (iii) the winding

Figure 4. Part of a necklace of spherical flowerlike micelles.

(efnA/A)2

εsRA
≈ sεB (2.20)

s ≈ {â1/4, for R < 1, 1 < â
Râ1/4, for 1 < R2 < â

(2.21)

Lnec ≈ sRA

Nbl

f
≈ NblLAâ-1/4, for 1 < R2 < â (2.22)

kTτ3/2nB
1/2(RA

b )1/2

≈ kT
RA

2

b2nA

(2.23)

RA ≈ LAR-1/3â2/3 (2.24)

(efnA/A)2

εsRA
≈ skT

RA
2

b2nA

(2.25)

s ≈ R3/2, for 1 < xR < â < R2 (2.26)

nspiral ≈ fLA

f 1/3RB

≈ â2/3R-1/3, for xR < â < R5 (2.17)

kT
RA

2

b2nA

≈ εB (2.18)

RA ≈ LAâ1/2, for 1 < R2 < â (2.19)
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number of the spiral braid nspiral (see eq 2.17) becomes
on the order of unity. The length of the necklace with
cylindrical strings is still controlled by the length of the
strings lstr connecting the intrachain micelles, and it is
given by the following equation:

The total free energy of the hydrophobically modified
polyelectrolyte in the necklace configuration is the sum
of the free energy of the micelles and of the strings:

The average free energy per hydrophobic-polyelectro-
lyte diblock or the chemical potential of the polyelec-
trolyte-hydrophobic diblock in the necklace-like aggre-
gate is

At â ≈ xR the size of the crew-cut micelle becomes
on the order of the size of the cylindrical string con-
necting such micelles and necklace crosses over into a
cylindrical aggregate. For smaller values of the energetic
ratio â < xR, the hydrophobically modified polyelec-
trolyte forms a wormlike (cylindrical) micelle.

3. Cylindrical Micelle
Another possible conformation of a self-associated

hydrophobically modified polyelectrolyte is a cylindrical
micelle (Figure 5). The cylindrical micelle has a dense
core composed of Nbl hydrophobic side chains and a
corona composed of Nbl polyelectrolyte blocks. The
collapsed hydrophobic blocks form a cylindrical domain
with radius Rcore and length Lcore. The polyelectrolyte
blocks in the corona of the micelle are extended a typical
distance of the corona size dc. The size of the core can
be found by optimizing the sum of the surface energy
of the core

and the Coulomb energy of the corona

at fixed core volume LcylRcore
2 ≈ b3NblnB/τ determined

by the solvent quality. This minimization leads to the
length of micelle

and width of the core

The length of the hydrophobic core of the cylindrical
micelle Lcyl becomes on the order of the length of
unassociated polyelectrolyte backbone NblLA at the value
of the energetic ratio â on the order of square root of
the geometric ratio R. For smaller values of the param-
eter â < xR the elastic energy of the stretched poly-
electrolyte blocks NblεA is larger than the surface energy
of the hydrophobic core NblεBR-1/2 and controls the
length of the cylinder. In this regime the length of the
cylindrical aggregate stays the same as that for un-
modified polyelectrolyte chain

and the thickness of the core is

The size of the corona dc can be found by balancing the
stretching energy of the polyelectrolyte blocks

with their electrostatic repulsion Felect (eq 3.2). The
equilibrium radius of the corona of the cylindrical
micelle of hydrophobically modified polyelectrolyte is

The chemical potential of the polyelectrolyte-hydro-
phobic diblock in the cylindrical micelle is

4. Diagram of States
Comparison of the chemical potential of a cylindrical

micelle (eq 3.9) with that of a necklace-like micelle (eq
2.29) indicates that the necklace conformation of the
hydrophobically modified polyelectrolytes has low en-
ergy for hairy micelles R < 1 and â > 1. For crew-cut
micelles 1 < xR < â the leading terms of the chemical
potential of the hydrophobically modified polyelectro-
lytes in the necklace and cylindrical conformations are
of the same order of magnitude. However, necklace is
still a preferred conformation because the length of the
necklace Lnec in this regimes (see eqs 2.22 and 2.27)) is
longer than that of a cylinder Lcore (eq 3.3) that allows
the hydrophobically modified polyelectrolyte to have a
lower electrostatic energy because charges are separated
by larger distances. This situation is similar to the
formation of a necklace in hydrophobic polyelectro-
lytes.8,15,17 However, if the opposite inequality holds, â
< xR, the hydrophobically modified polyelectrolytes
form cylindrical aggregates. The crossover from a cy-
lindrical aggregate to an unassociated polyelectrolyte
chain takes place at R ≈ 1 when the size of the

Figure 5. Cylindrical micelle.

Lnec ≈ RAs
Nbl

f
≈ NblLAR1/6â-1/3, for 1 < xR < â <R2

(2.27)

Fnec ≈ NblεB( f 2/3

s + f
+ â-1NblLA

Lnec
) (2.28)

µnec ≈ εBf-1/3 ≈ εB{â-1/3, for R < 1,1 < â
â-1/3R-1/3, for 1 < xR < â

(2.29)

Fcore ≈ γLcylRcore ≈ kTτ2LcylRcore

b2
(3.1)

Felect ≈ kTuAnA
2Nbl

2 b
Lcyl

ln( Lcyl

dc + Rcore
) (3.2)

Lcyl ≈ NblLAR1/3â-2/3, for 1 < xR < â (3.3)

Rcore ≈ LAR4/3â1/3, for 1 < xR < â (3.4)

Lcyl ≈ NblLA, for â < xR (3.5)

Rcore ≈ LAR3/2, for â < xR (3.6)

Fstr ≈ kTNbl

dc
2

nAb2
(3.7)

dc ≈ {LAR-1/6â1/3, for R < 1
LAR-5/3â1/3, for 1 < R

(3.8)

µcyl ≈ εB {R-1/3â-1/3, for 1 < xR < â
â-1, for â < xR, R > 1

(3.9)
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hydrophobic block in the core of the cylindrical ag-
gregate becomes on the order of the length of the
polyelectrolyte block LA.

In Figure 6 we sketch the diagram of states of
hydrophobically modified polyelectrolytes as a function
of the geometric ratio R and the energetic ratio â. The
boundaries between different regimes are given in Table
1. In region I (necklace of pendant globules) (R < 1, â <
1) the hydrophobic interaction is weaker than electro-
static one and does not lead to intramolecular associa-
tion. The chain behaves like a polyelectrolyte with
pendant hydrophobic globules. In regions II (necklace
of hairy micelles) (R < 1, â > 1), III (necklace of crew-
cut micelles) (1 < R5 < â), IV (necklace of braided
micelles) (R2 < â < R5), and V (necklace of braided
micelles with cylindrical strings) (xR < â < R2), hydro-
phobically modified polyelectrolyte forms a necklace.
The only difference between the conformation of the
hydrophobically modified polyelectrolyte in these re-
gimes is that in regime II the size of the intrachain
micelles (beads) is controlled by the stretched polyelec-
trolyte blocks in the coronas of the micelles (hairy
intrachain micelles), while in regimes III, IV, and V the
size of the coronas is smaller than the size of the cores
(crew-cut and braided intrachain micelles). In regimes
IV and V, polyelectrolyte blocks in the coronas form
spiral braids around the cores. In regimes III and IV,
the hydrophobic blocks in the strings form pendant
spherical globules. In regime V, they associate into
cylindrical globules. In region VI (1 < R, â < xR),
polymer chain forms a wormlike cylindrical micelle.

The predictions of our model can be compared with
the previous studies by Turner and Joanny14 on the self-

association of hydrophobically modified polyelectrolytes.
These authors considered the self-association of hydro-
phobically modified polyelectrolytes with soluble back-
bone and side-chain hydrophobes each of which carries
an electric charge at the junction point (the headgroup
of a surfactant). They argued that for this particular
chemical structure of the hydrophobically modified
polyelectrolytes the wormlike (cylindrical) micelles have
lower free energy than the necklace-like aggregates.
However, their analysis was based on the wrong as-
sumption for the structure of the corona of the micelle.
In particular, these authors assumed that the blocks in
the corona of the intrachain micelles are equally spaced.
This uniform distribution of the corona blocks in beads
of the necklace-like aggregates leads to extra stretching
making the necklace structure less favorable than the
cylindrical one. The spiral braid structure of the poly-
electrolyte blocks in the coronas of micelles, proposed
in the present paper, lows the free energy of the
necklace-like aggregates making it stable thermody-
namic structure. The detailed analysis of this model is
presented in the Appendix.

5. Counterion Condensation
The strong electrostatic attraction between charged

groups on the chains and counterions results in the
counterion condensation. The crossover conditions be-
tween free and condensed counterions can be found by
the comparison of the entropic loss due to localization
of the counterions and the electrostatic interaction
between a counterion and the charges on the chain. We

Figure 6. Diagram of state of a hydrophobically modified
polyelectrolyte. Regime I corresponds to conformations of
polyelectrolyte chains unperturbed by hydrophobic interac-
tions. In regimes II, III, IV, and V, chains form necklaces with
the size of the beads controlled by the size of polyelectrolyte
corona (II) and by the size of the hydrophobic core (III, IV, V).
In regime V, the hydrophobic blocks in the strings of the
necklace overlap, forming a cylindrical aggregate. Regime VI
corresponds to cylindrical intrachain micelles. Logarithmic
scales.

Table 1. Boundaries between Different Regimes for the
Diagram of State in Figure 6

I-II â ≈ 1, R ≈ 1
II-III R ≈ 1, â > 1
III-IV â ≈ R5, R > 1
IV-V â ≈ R2, R > 1
V-VI â ≈ xR, R > 1

Figure 7. Diagram of state of a hydrophobically modified
polyelectrolyte. Shaded area corresponds regimes with coun-
terion condensation. Regime I corresponds to conformations
of polyelectrolyte chains unperturbed by hydrophobic interac-
tions. In regimes II, IIa, III, IIIa, IV, IVa, V, and Va, chains
form necklaces. Regime VI corresponds to cylindrical micelles.
Logarithmic scales.

Table 2. Boundaries between Different Regimes for the
Diagram of State in Figure 7

I-II â ≈ 1, R < 1
II-IIa â ≈ âcon, R < 1
IIa-IIIa â ≈ R-1âcon, R < 1
IIIa-IVa; III-IV â ≈ R5, R > 1
IIIa-III; IV-IVa â ≈ xRâcon, R > 1
IV-V; IVa-Va â ≈ R2, R > 1
V-Va â ≈ xRâcon, R > 1
V-VI â ≈ xR, R > 1
VI-I R ≈ 1, â < 1
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will consider counterion condensation in different re-
gimes of the diagram of states of hydrophobically
modified polyelectrolytes (see Figure 7). The boundaries
between different regimes are given in Table 2.

Regime I (Necklace of Pendant Globules) (r <
1, â < 1). In this regime the polyelectrolyte backbone is
stable with respect to counterion condensation as
long as the linear charge density on the chain nA/(ALA)
is smaller than one charge per Bjerrum length
lB ≈ e2/εkT.18 This condition can be rewritten in terms
of the parameters of the system as follows

In this range of parameters the electrostatic interaction
between two charged monomers separated by A mono-
mers along polymer chain kTlB/bA1/2 is weaker than the
thermal energy kT and is not strong enough to perturb
the Gaussian conformation of the chain on this length
scale.

Regimes II, IIa (Necklace of Hairy Micelles). In
the case of the necklace structure the counterion
condensation on the beads of the necklace determines
the counterion condensation threshold.8,15,19,20 The in-
trachain micelles (beads) are stable with respect to
counterion condensation as long as the electrostatic
interaction between a micelle and a counterion on its
surface is smaller than the thermal energy kT

Combining eqs 2.13 and 2.15, we obtain the stability
condition for a micelle with respect to counterion
condensation

This stability line (â ) âcon) is parallel to the transition
line (â ≈ 1) between the polyelectrolyte chain regime
(I) and the hairy necklace regime (II). Thus, this
necklace structure will survive as long as the polyelec-
trolyte backbone is weakly charged or the parameter
âcon . 1. Above the counterion condensation threshold,
for the energetic ratio â larger than âcon, the condensed
counterions occupy corona of the micelle and reduce the
electrostatic potential of the micelle to the crossover
value kT/e fixing the relation between the fraction pfree
of free counterions, aggregation number of the micelle
f, and its size dm

The fraction of free counterions is small pfree , 1 and
most of counterions are trapped inside coronas. The
equilibrium size of coronas is now determined by the
balance of the osmotic energy of the counterions trapped
inside

with the elastic energy of the polyelectrolyte blocks

This gives the size of the corona of the intrachain
micelles

To find the equilibrium aggregation number f of the
micelle, we have to balance the osmotic energy of
counterions inside the corona

with the surface energy per hydrophobic block in the
micellar core Fcore ≈ εBf 2/3. This results in the following
dependence of the aggregation number on the param-
eters of the system.

The effective charge of an intrachain micelle above the
counterion condensation threshold is

The length of a string separating two neighboring
micelles with the effective charge on each of them Qeff
is given by the following equation:

The length of the necklace in this regime is

Regimes III, IIIa (Necklace of Crew-Cut Mi-
celles). The crossover from the hairy intrachain mi-
celles regime to the crew-cut intrachain micelle occurs
at a corona size comparable with the core size dm ≈ dc
≈ RBf1/3 or at

This line separates regimes IIa and IIIa on the diagram
of states given in Figure 6. In regime IIIa the aggrega-
tion number of the intrachain micelles is still deter-
mined by the balance of the osmotic energy of the
condensed counterions in the coronas of the micelles
with the surface energy of the cores and is given by eq
5.9. The corona of an intrachain micelle has the same
size as in regime IIa (see eq 5.7). In this regime the
effective charge of the crew-cut micelles is

The length of the strings connecting the intrachain
micelles with this effective charge is the same as in

âcon ≈ bA1/2

lB
. 1 (5.1)

e2fnA

εAdm
< kT (5.2)

â < âcon (5.3)

pfreelBfnA

Adm
≈ 1 (5.4)

Fosm ≈ kTf
nA

A
ln(f nA

Adm
3) (5.5)

Felast ≈ kT f
dc

2

b2nA

(5.6)

dc ≈ b
nA

A1/2
≈ LAâcon

1/3 (5.7)

Fosm ≈ kTf
nA

A
ln f (5.8)

f ≈ ( εBA
kTnA

)3

≈ â3âcon
-2 (5.9)

Qeff ≈ dm

lB
≈ f

nA

A (âcon

â )3

, regime IIa (5.10)

lstr ≈ QeffRA(lBkT
εBRA

)1/2

≈ LAâ-1/4âcon, regime IIa

(5.11)

Lnec ≈ Nbl

f
lsp ≈ LANbl

â1/4 (âcon

â )3

, regime IIa (5.12)

â ≈ âconR-1 (5.13)

Qeff ≈ RBf1/3

lB
≈ f

nA

A
R(âcon

â )2

, regime IIIa (5.14)
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regime III

The length of the whole necklace is given by the
following equation:

The boundary between regimes IIIa and III is deter-
mined by the counterion condensation condition on the
crew-cut micelles

This condition can be rewritten in terms of the energetic
and geometric ratios as follows:

The counterion condensation does not affects the length
of the spacer polyelectrolyte block in the strings. The
length of this block is still given by eq 2.24.

Regimes IV, IVa (Necklace of Braided Micelles).
The counterion condensation condition and necklace
parameters for the necklace of braided micelles are
similar to the ones discussed above for the case of crew-
cut micelles (regimes III and IIIa). Thus, the crossover
between regimes IV-V and regimes IVa-Va occurs
when the length of the spacer polyelectrolyte block RA
becomes on the order of the size of the hydrophobic block
RB and is at energetic ratio â ≈ xR.

Regimes V, Va (Necklace of Braided Micelles
with Cylindrical Strings). The structure of the braided
intrachain micelles in regime V is the same as in the
regime IV. Therefore, the counterion condensation
condition on the intrachain micelles in regime V is given
by the same equation (5.18). The equilibrium param-
eters of the necklace in regime V can be obtained in a
way similar to regimes IIa and IIIa (see above). Below,
we only quote the final results for the length of the
strings connecting the crew-cut micelles

and for the total length of the necklace

Regimes VI (Wormlike Micelle). The charged cylin-
drical aggregate is stable with respect to counterion
condensation as long as the linear charge density on the
cylindrical aggregate is less than or equal to one per
Bjerrum length lB (for monovalent counterions)18

Since the length of cylindrical micelle coincides with
that of unassociated polyelectrolyte, the counterion

condensation condition is the same for both regimes I
and VI and is determined by eq 5.1 (âcon > 1).

6. Conclusion

In the present paper, we have considered the equi-
librium properties of hydrophobically modified polyelec-
trolytes in dilute salt-free solutions in the framework
of the scaling approach. We have obtained equilibrium
conformations of the charged polysoaps in terms of the
geometric R ) RB/LA and energetic â ) εB/εA ratios of
free hydrophobic and polyelectrolyte blocks. Using these
two parameters we were able to construct the universal
diagram of states of hydrophobically modified polyelec-
trolytes (see Figure 6). In a dilute salt-free solution
hydrophobically modified polyelectrolyte molecule ag-
gregates into either a necklace of hairy, crew-cut, or
braided micelles or into wormlike (cylindrical) micelle.
We have also analyzed the effects of counterion conden-
sation on the conformations of charged polysoaps. The
results of this study are summarized in Figure 7 that
represents the modification of the universal diagram of
state (Figure 6) due to condensation of counterions. The
counterion condensation results in stabilization of the
necklace of the crew-cut micelles in the large portion of
the diagram of state, making it the most favorable
conformation of the charged polysoaps. The presented
classification of the different conformations of charged
polysoaps in dilute salt-free solution is the first step
toward the understanding the complicated properties
of these polymeric systems, and we hope that this paper
will inspire experimentalists to test the proposed dia-
gram of states.
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7. Appendix

In this appendix, we consider the self-association of
hydrophobically modified polyelectrolytes with soluble
backbones and side-chain hydrophobes each of which
is carrying an electric charge at the junction pointsthe
headgroup of a surfactant (see schematic picture of a
chain in the regime I of the Figure 8). For this model
our parameter Asthe number of neutral monomers
between chargessis equal to nAsthe degree of poly-
merization of the polyelectrolyte block. In this case the
average distance LA per polyelectrolyte block can be
obtained by substituting nA ) A into eqs 2.2 and 2.4

and the average electrostatic energy per block is

in the unassociated state. In the last two equations, we
have introduced the dimensionless parameter u ) lB/b.
The energy εB and the size RB of the hydrophobic block
in the unassociated state are the same as in our original

lstr ≈ LARâ3/4, regime IIIa (5.15)

Lnec ≈ Nbl

f
lstr ≈ NblLA

â1/4
R(âcon

â )2

, regime IIIa (5.16)

lBfnA

ARcore
≈ uAAnAεB

2/3

RB
1/3LA

2/3
εA

2/3
≈ 1 (5.17)

â ≈ âconR1/2 (5.18)

lstr ≈ LAR7/6â2/3, regime Va (5.19)

Lnec ≈ NblLA

â1/3
R7/6(âcon

â )2

, regime Va (5.20)

NblnA

ALcyl
e

1
lB

(5.21)

LA ≈ bu1/3A1/3 (7.1)

εA ≈ kTu2/3A-1/3 (7.2)
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model (see section 2). Thus, we can define the energetic
ratio

and geometric ratio

for the Turner and Joanny polysoaps.14

Intrachain Micelles Stabilized by the Excluded
Volume Interactions. Consider the formation of the
intrachain micelles stabilized by the excluded volume
interactions. The optimal size of such micelles is deter-
mined by the interplay between the surface energy of
the core of the micelle composed of hydrophobic blocks
and excluded volume interactions between monomers
in the micellar corona. Association of f hydrophobic
blocks into one large globule of size given by eq 2.10
(the core of the micelle) leads to the surface energy of
the core (see eq 2.11)

The contribution of the excluded volume interactions in
the corona of the hairy micelle can be estimated from
the Daoud-Cotton model of a star21,22

where the corona size of the hairy micelles is equal
to22,23

By minimizing the chemical potential of the micelle with
respect to the aggregation number f, one obtains

where we have defined

The condition f > 1 (â > âA) defines the region in the
parameter space where the hydrophobically modified
polyelectrolyte forms intrachain micelles stabilized by
the excluded volume interactions. Substituting the
equilibrium aggregation number f (eq 7.8) into the
expression for the core size (eq 2.10) and corona size
(eq 7.7), one obtains the core size

and the corona size

in terms of the energetic ratio â. The crossover from the
hairy micelles to the crew-cut micelles occurs when the
size of the core Rcore becomes on the order of the size of
the corona dcorona. This takes place along the line

Thus, for the range of the energetic ratios âA < â <
âA

6R-10, the hydrophobically modified polyelectrolytes
associate into hairy micelles stabilized by the excluded
volume interactions.

For the crew-cut micelles (âA < â; âA
6 R-10 < â), the

structure of the corona is similar to that of the planar
brush with the average distance between grafted chains
d ≈ Rcoref-1/2 (see ref 23 for review). The excluded volume
interactions per polymer strand in the planar brush can
be estimated as the thermal energy kT times the
number of blobs A/gd of size d (gdb2 ≈ d2 ≈ Rcore

2/f). The
total free energy of the corona of the crew-cut micelle
is equal to the energy per strand kT Afb2/Rcore

2 times
the aggregation number f of the micelle

Balancing this free energy of the corona with the surface
energy of the core (eq 7.5), one obtains the equilibrium
aggregation number f of the crew-cut micelle.

The core size of the micelles with this aggregation
number is

Electrostatically Stabilized Intrachain Micelles.
The analysis presented above is only correct when the
excluded volume interactions in the corona of the micelle
are stronger than the electrostatic interactions. The
electrostatic interactions between charged monomers in
the corona of micelle

Figure 8. Diagram of state of a hydrophobically modified
polyelectrolyte with charges at the junctions between hydro-
phobic side chains and backbone. Regime I corresponds to
conformations of polyelectrolyte chains unperturbed by hy-
drophobic interactions. In regime II the formation of the
intrachain micelle is controlled by the excluded volume
interactions. In regimes III, IV, and V, chains form necklaces
of micelles. In regime V, the hydrophobic blocks in the strings
of the necklace overlap forming a cylindrical aggregate. Regime
VI corresponds to cylindrical intrachain micelles. Logarithmic
scales.

f ≈ ( εB

kT)6/5

≈ (â/âA)6/5, hairy micelle (7.8)

âA ≈ kT/εA ≈ A1/3u-2/3 (7.9)

Rcore ≈ RB(â/âA)2/5, hairy micelle (7.10)

dcorona ≈ LAâA
1/5â3/10, hairy micelle (7.11)

â ≈ âA
6R-10 (7.12)

Fcorona ≈ kT f 2 Ab2

Rcore
2
≈ kT f 4/3R-2âA (7.13)

f ≈ R3â3/2âA
-3, crew-cut micelle (7.14)

Rcore ≈ RBRâ1/2/âA, crew-cut micelle (7.15)

â ≈ (nB
2τ4 A

u2 )1/3

(7.3)

R ≈ ( nB

τuA)1/3

(7.4)

Fcore ≈ γRcore
2 ≈ εBf 2/3 (7.5)

Fcorona ≈ kT f 3/2
en(dcorona + Rcore

Rcore
) (7.6)

dcorona ≈ bf 1/4 A1/2 (7.7)
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start to dominate over the excluded volume ones (eqs
7.6 and 7.13) at values of the energetic ratio â larger
than âA

6R5 for hairy micelles and âA
6R-4 for crew-cut

micelles. Thus, the lines

define the boundary in the R-â plane between electro-
statically dominated and excluded-volume dominated
regimes (see Figure 8).

For electrostatically stabilized micelles the equilibri-
um aggregation number is determined by balancing the
surface energy of the core of the micelle (eq 7.5) with
the electrostatic repulsion between charged monomers
in the corona lBf 5/3/RB. The equilibrium aggregation
number for such a micelle is

The self-association of the hydrophobic blocks into
electrostatically stabilized intrachain micelles takes
place at f > 1 or for the values of energetic ratio

(see Figure 8).
The charged monomers are uniformly distributed

along the surface of the micellar core as long as the
average distance between them Rcore/xf ≈ RB/(Râ)1/6 is
smaller than the Gaussian size bxA of the strand with
A monomers. This condition can be rewritten in terms
of the energetic and the geometric ratios as follows â ≈
âA

-3R5. For smaller values of the energetic ratio

the charges on the surface of the micelle form a spiral
braid of electrostatic blobs with size De ≈ b(A2/u)1/3 and
number of monomers ge ≈ (A2/u)2/3 in them5,6,24 winding
around the hydrophobic core (see Figure 3c). The
winding number nspiral of the spiral braid can be
estimated as the ratio of the total length of the poly-
electrolyte backbone fADe/ge to the core size f1/3RB

The conditions for the aggregation of electrostatically
stabilized charged polysoaps into different intrachain
aggregates as well as their equilibrium parameters can
be derived in a way similar to that discussed in sections
2, 3, and 4. This analysis shows that the hydrophobically
modified polyelectrolyte molecules can self-associate into
necklaces of micelles with hydrophobic blocks in the
strings forming pendant spherical globules or coalesce
into cylindrical globules and into wormlike (cylindrical)
micelles.

The diagram of states for this model is shown in
Figure 8. The association of the hydrophobic side chains

into micelles is possible above the line â ≈ âA ≈ kT/εA.
In region I (â < âA, â < R-1) the hydrophobic interactions
are weaker than electrostatic and excluded volume ones
and do not lead to intramolecular association. The chain
behaves like a polyelectrolyte with hydrophobic side
chains. In regions II (âA < â < âA

6R5, âA < â < âA
6R-4)

the formation of the intrachain micelles is controlled by
excluded volume interactions (see for review, ref 4). The
detailed analysis of the excluded volume effects on the
association of hydrophobically modified polyelectrolyte
molecules is beyond the scope of this paper and will be
considered in a separate publication. In regimes III (R-1

< â, âA
-3R5 < â, âA

6R5 < â, âA
6R-4 < â), IV (âA

6R-4 < â,
R2 < â < âA

-3R5 for R > 1), and V (xR < â < R2, âA < â)
a hydrophobically modified polyelectrolyte chain forms
a necklace. In regimes IV and V polyelectrolyte blocks
in the coronas of micelles form spiral braids around the
cores. In regime III and IV the hydrophobic blocks in
the strings form pendant spherical globules. In regime
V they associated into cylindrical globules. In region VI
(âA < â < xR) polymer chain forms a wormlike cylin-
drical micelle.
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